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ABSTRACT 


We  prove  here  that,  given  an  open  subset  fl  of  R  ,  the  usual 

g 

parabolic  capacity  on  [0,T[  x  f!  associated  with  the  heat  operator  ~  & 
can  be  defined  using  only  the  Hilbert  norm  of  the  space 


W  =  {v  e  L2(0,T;Hj<n));  £  L* (0 ,T;H_1  (0) ) } . 
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SIGNIFICANCE  AND  EXPLANATION 


— In  recent  years,  parabolic  variational  inequalities  (v.l.)  have  been 
intensively  developed  in  a  functional  analytic  setting  involving  many  function 
spaces*  As  in  the  case  of  elliptic  V.I.,  the  tools  of  potential  theory  have 
also  proven  to  be  most  useful  for  solving  and  interpreting  parabolic  V.l. 
Several  facts  exhibit  a  close  relationship  between  the  functional  analytic  and 
potential  theoretic  approaches.  Among  them  is  the  result  provided  in  this 
paper.  Let  us  describe  its  content. 

Just  as  for  the  Laplacian  operator,  a  capacity  had  been  associated  with 
the  heat  operator  in  order  to  solve  various  problems  in  potential  theory.  On 
the  other  hand,  functional  spaces  -  mainly  Sobolev  spaces,  had  been  introduced 
to  solve  variational  inequalities  involving  the  heat  operator.  We  prove  here 
that  this  capacity  can  be  defined  in  terms  of  the  topology  naturally  induced 
by  these  functional  spaces.  This  leads  to  interesting  new  results  for 
parabolic  variational  inequalities. 
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PARABOLIC  CAPACITY  AND  S"«iOLEV  SPACES 
Michel  Pierre 

INTRODUCTION 

Let  S2  be  an  open  subset  of  RN  and  T  >  0.  The  usual  parabolic  capacity  on 

]0,T[  x  Q  associated  with  the  heat  operator  E  ■  t - A  is  defined  by 

ot 

V  u  c  ]o,T(  x  a  open,  c.(w)  “  /  d  E  u  , 

]o,T[xa  “ 


where  u  is  the  eapacitary  potential  of  u  ,  that  1b  the  solution  of  the  (formal) 


variational  inequality: 


(I) 


u  >  1  a.e. ,  u(0)  -  1  (0),  u(t,*)L„  -  0 

U)  W  Oil 


T7  -  Au  >  0  ,  ~  -  Au  «  0  on  [u  >  1  ]  . 

dt  dt  w 


9uu 

(Here  1  is  the  characteristic  function  of  u  .  Note  that  Eu  »  ■* —  -  Au  is  a 

u>  in  at  u 

nonnegative  measure  on  ]0,T(  x  a  ).  Another  definition  in  terms  of  measures  can  also  be 
found  in  (2] . 

We  show  in  this  paper  that  this  capacity  can  be  defined  using  only  the  Hilbert  norm  of 
the  space: 

W-  (v  f  L2(0,T;Hg(S2))  ;  «  L2 ( 0 ,T;H_1  (0) ) } . 

Namely,  if  we  set,  for  any  open  subset  u>  of  ]0,T[  x  a  : 


where 


c(oj)  =  inf(lv«2  ;  v  >  1^  a.e.  } 


"vlW  =  llvl!2  +  »!^l|2  _ 

L  (0,T:H0(!)))  L  (0,T,-H  (fl)) 


then  there  exist  a,b  >  0  such  that: 
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(II)  v  w  r  a  •  cQ(u))  *  cU)  <  b  •  cQ(w)  • 

It  is  well-known  that  this  space  W  arises  as  the  natural  space  of  test-functions  in 
numerous  parabolic  variational  inequalities  (V.I.)  of  type  (I)  (see  Lions-Stampacchi a  [4], 
Lions-Magenes  [5] ,  Lions  [3],  Mignot-Puel  [6]  etc  ...)•  On  the  other  hand,  as  in  the 
elliptic  case,  the  tools  of  potential  theory  have  also  proven  to  be  most  useful  to  solve 
and  interpret  these  parabolic  V.I.  (see  [11,(8]).  The  above  result  emphasizes  the  strong 
relationship  between  the  two  approaches* 

A  direct  consequence  of  (II)  is  that  any  element  of  (U  has  a  quasi-contiouous 
representation.  This  fact  (that  we  established  in  [8])  is  an  important  tool  to  deduce 
fundamental  properties  about  the  structure  of  parabolic  potentials  (i.e.  the  functions 
u  £  L2(0,T;Hp(fi))i  l”(0,T;L2(Q) )  such  that  ||  -  Au  >  0 )  (see  [81,  [10]  for  these 

results) . 

Another  consequence  is  that,  as  in  the  elliptic  case,  "L2-estimates"  can  be  use-3  to 
evaluate  the  parabolic  capacity  of  a  set.  In  the  same  spirit,  we  also  show  here  the 

following  result:  if  u  is  a  parabolic  potential  greater  than  or  equal  to  1  on  ui,  then 

2  1 

the  capacity  of  oo  can  be  estimated  by  the  norm  of  u  in  L  (0,T:Hn(£l)) 

0  L”<a,T;L2<n>). 

Lastly,  this  suggests  that  for  the  nonlinear  problems  associated  with  operators  of  the 

form 

8u 

T~T  -  div  A(  x  ,u ,  Du  )  , 
dt 

the  natural  capacity  can  be  defined  by  the  norm  of 

W  =  (v  LP(0,T!W1'P(Cl))i  *  Lp,(0,TiM“1'P’(Sl))} 

P  dt 

where  p  r  ]  1  ,°°[  is  suitably  chosen  and  —  +  — ,  =  1  . 

P  P 

In  this  paper,  we  state  our  result  in  the  general  settinq  of  Dirichlet  parabolic 
spaces  so  that  it  can  be  applied  to  general  elliptic  operators  with  Dirichlet,  Neumann  or 
nixed  boundary  conditions. 


1° ) .  Parabolic  Dirlchlet  space 

Let  X  be  a  locally  compact  space,  countable  at  the  infinity^  C  a  Radon  measure  on 

X  whose  support  is  X.  we  denote  K(X)  (resp.  C'fX ) )  the  space  of  continuous  (resp. 

nonnegative  and  continuous)  real  functions  with  compact  support  in  X  .  The  space  K(X) 

is  equipped  with  its  usual  locally  convex  topology. 

Let  V  be  a  Hilbert  space  with  the  norm  11*11;  we  assume  that  V  is  embedded  into 

L  (X),  the  space  of  (classes  of)  real  square  integrable  functions  with  the  norm 

|u|  -  [/  u2(x)dC(x)]1/2  . 

X 

Then,  if  V'  is  the  dual  space  of  V  ,  we  have 
(1)  V  *-*■  L2(X)  <-*■  V'  . 

The  scalar  product  in  L2(X)  as  well  as  the  duality  (V',V)  will  be  denoted  by  (*,*). 
We  will  assume: 


(2) 

K(X)  n 

V  is  dense  in  V  and 

K(X ) . 

Example  1. 

(a)  X 

-  RN  ,  V  -  H1(Rn),  V'  - 

H-W). 

(6) 

x  -  0  open  set  in  RN  , 

V  -  h’(«),  V' 

1  -  H_1(n) 

• 

(Y) 

x  -  a  ,  v  «  h1  (si>  <a 

regular  bounded  open  set 

N 

in  R  ). 

(6) 

X  =*  {1  point},  V  -  L2 

(X)  -  R  . 

Given 

T 

>  0  , 

we  denote  8  ”  [0,T(  *  X 

equipped  with 

the  Radon 

measure 

dt  8  Z  where 

dt  is  the  Lebesgue  measure  on 

I0,T{  .  K(0) 

will  denote  the  space  of 

continuous 

numerical  functions  with  compact 

support  in  Q  , 

equipped  with  its  natural 

topology. 

Now, 

associated 

with  v  ,  V',  we  have 

V-  L2 

(0,T;V)  and  its  dual 

-  L2 ( 0 ,T;V* ) . 

w  -  {v  ;  v  ,  f  v)  . 

These  spaces  are  Hilbert  spaces  with  the  norms: 

llvll2  -  /Tllv(t)ll2dt,  »vl2,-  /Tllv(t)!l2,dt  ,  «V«2  -  «V#2  +  l|^«2,  . 

Let  us  recall  that  III  is  embedded  into  C([0,T(;  L2(X))  (see  Lions-Magen»s  [5]). 


That  is  X  is  the  union  of  a  countable  number  of  compact  subsets. 
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As  a  consequence  of  (2),  one  can  show  that  (see  f R ) ) : 

(3)  K(Q)  U'  is  dense  in  U1  and  K(Q). 

The  operators  A(t). 

For  a.e.  t  ,  let  a(t,*,*J  he  a  bilinear  form  on  V  x  V  satisfying: 

(d)  V  u,v  •  V  »  V  ,  t  te  a(t,u,v)  is  measurable 

("')  a  M  >  0  ,  V(u,v)  -  V  X  v  ,  a.e.  t  t  (0,T>,  |a(t,u,v)|  <  Mllull  •  llvll 

(r>>  3a  >  0  ,  V  v  -  V  ,  a,e ,  t  c  (0,T),  a(t,v,v)  >  altvll2  . 

With  alt,*,*)  and  its  adjoint  a*(t,u,v)  «  a(t,v,u>  are  associated  two  continuous 
operators  from  V  into  V  defined  by 

*  * 

V  u,v  <  V  ,  (A(t)u,v)  »  a(t,u,v),  (A  (t)u,v)  -  a  (t,u,v). 

We  will  also  assume  that  Alt)  and  A*(t)  satisfy  maximum  principle  properties, 
namely  that  the  contractions  r  r-»  'r  i  and  r  —►  r+  a  1  operate  on  V  equipped  with 
a  and  a*  that  is: 

(7)  v  v  c  V  ,  v*  •  v,  v”  •-  V  and  a.e.  t  t  (0,T),  a(t,v+,v~)  >  0  . 

»  + 
f  V  v  c  V  ,  V  and 

(fl)  |  a.e.  t  e  (0,T),  a(t,u  +  u+  a  1 ,  u  -  u+  a  1)  >  0 

I 

t  a(t,u  -u  a  i,  u+uai)>o. 

Examples  2.  Corresponding  to  the  choices  of  X  and  V  in  the  examples  above  one  can 
successively  choose: 

N  3  3  N  3 

(a)  a(t,u,v)  -l  I  a  <x,t)  dx  +  £  /  b  <x,t)  ^  v  dx 

i,j-1  rN  13  3Xi  3Xj  i-1  rN  1  3xi 


where  a 

13 


Then , 
«-•  a*  j  *  es 

ia^ter 


+  /  cn(x,t)u  v  dx  , 

«N 

00  ^ 

,  b.  ,  cQ  •  L  ( (0 ,T  (  x  R  )  and  satisfy 

N  N  2 

3  a  >  0  ,  V  £  •  R*  ,  r  a.  .  £.£.  *  af  ;  £  j  a.e.  on  0 

**  i  1  11  *-  i 

i,J-l  J  i-1 

satisfies  (4)  and  (S).  It  satisfies  (7)  and  (9)  if 
(*)  if  >  A  for  A  larne  enough.  Since  we  will  study  parabolic 

point  is  not  a  rest  riot  ion. 


>  0  and 
prepert i oc , 
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(6),  (Y)  One  can  choose  a(  •,•,*)  as  ..nove  where  one  replaces  RN  by 

(i)  Take  a  defined  by 

a.  e.  t  £  (0,T),  Vu,v  €  R  ,  a(t,u,v)  »  a(t)uv  , 

00 

where  a  £  L  (0,T),  a  >  0  . 

Parabolic  potentials. 

Definition  1.  We  shall  call  parabolic  potential  any  element  of 

P  -  { u  €  L2(0,T>V)  n  L°°(0,T;L2(X)))  w  <  W  with  v(T)  -  0,  v  >  0  , 

/T  [("  If  <t),  u(t))  +  a(t,u(t),  v(t))]dt  >  o}. 

Remark .  We  will  often  omit  the  variable  t  in  the  integral  above  and  write  it  as 

/T  .  u)  +  a(u,v)  . 

0 

Thanks  to  Hahn-Banach  theorem,  we  have  (see  [8]  ,  [  10]  ) : 

Proposition  1.  Let  u  £  f  i  then  there  exists  a  unique  Radon  measure  on  Q  ,  denoted 
Eu  ,  such  that 

V  v  €  W  n  K(Q)  with  v(T)  “  0  , 

/T  (-  ,u)  +  a(u,v)  »  /  v  d(  Eu). 

0  0 

Details  are  given  in  [8],  (10]  about  the  space  P  rid  the  measures  Eu  .  Let  us 
just  make  them  explicit  in  a  particular  but  typical  example. 

Example  3.  Let  X  -  U  ,  V  -  h’(SI),  V'  -  H_1(B)  and 

V  t  e  [0,T],  Vu,v  €  V  ,  a(t,u,v)  •  /  Vu  Vv  . 

a 

Then,  if  u  e  L2(0,T,-h’ (SI) )  n  L~(0  ,T;L2 ( 0) ) , 

(ue  P)  *»  <u  >  0  ,  -  Au  >  0  in  P'(]0,T[  x  £j  )). 

Moreover , 

+  du 

Eu  =  u(0  ) dXp  +  -  Au  , 

where  dxQ  is  the  Lebesgue  measure  induced  on  {0}  x  fi  and 

u(0+)  =*  ess  l^m  u(t)  in  L2(  B). 
t+0 

More  examples  are  given  in  [8] . 
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2°)  The  main  result. 

Let  us  first  recall  the  usual  definition  of  the  parabolic  capacity  associated  with  the 
operators  A(t). 

For  any  open  set  w  of  p  ,  we  consider 

P  -  { u  P  ;  u  >  1  a.e.  on  w} 

u) 

Then,  if  P^  is  not  empty,  it  has  a  smallest  element  u^  called  the  capacitary  potential 
of  01  (see  [8],  [10]  for  a  proof). 

Definition  1:  For  any  open  set  >o  c  p  ,  we  set 

f  a  Eu  if  P  ?  0 

Q  U*  U 

+  “  if  P  =  0  . 

ui 

For  any  E  Q  ,  we  define: 

capacity  of  E  =  cfl(E)  =  inf  c^tu:)  ' 

in  w  E 
oi  open 

Now  let  us  define  two  different  capacities.  For  that,  we  denote  a  the  space 

P  '  L  (0,TiL2 (X ) }  with  the  norm: 

HulljJ  =  liull^  +  sup  ess  |u(t)  \2  . 
t*:(0,T) 

Definitions  2  and  3.  For  any  open  set  u  c  Q  ,  we  set: 

c,(w)  =  infill  u  II.:  u  e  P,  u  >  1  a.e.  on  w} 

1  a 

Cj  (oi)  *  inf  Pi  v  1!^,  ;  v  C  II1  ,  v  >  1  a.e.  on  w)  . 

For  any  E  c  Q,  we  define: 

(E )  =  inf  c  ,  c^fE)  =  inf  c  (u)  * 

•J  -  F  «  =  E 

■j  open  oi  open 


-e  - 


Then,  we  have  the  main  result. 

Theorem  1 ,  There  exist  a,b  >  0  such  that,  for  any  E  c  Q  ; 

(i)  a  •  c0(E)  <  [c , (E ) ] 2  <  b  •  cQ (E ) 

(ii)  a  •  cQ(E)  <  [c2 (E ) ] 2  <  b  •  c0<E)  . 

Remarks.  According  to  this  result,  to  estimate  the  parabolic  capacity  of  a  set  E  ,  one 
can 

(i)  Find  u  e  P  with  u  >  1  on  a  neighborhood  of  E  and  compute  the  A-norm 

of  u  ,  or 

(ii)  Find  v  e  ft  with  v  >  1  on  a  neighborhood  of  E  and  compute  the  W-norm 

of  v  . 


Note  that  the  definition  of  c^(*)  still  involves  P  and  hence  the  operators  Aft), 
but  it  uses  the  Hilbert-norms  of  V  and  L  (X)  instead  of  an  "L  -norm"  as  in  the 
definition  of  cQ(u). 

The  interest  of  the  definition  of  c^f*)  is  that  it  only  involves  the  topology  of  the 
Hilbert  space  W  and  does  not  depend  on  the  operators  A(t). 

Recall  that  W  *-»  a  .  so  the  topology  of  a  is  weaker  than  the  topology  of  ft'  . 

But  it  is  also  sufficient  to  estimate  the  capacity  of  a  set  if  one  uses  elements  of  P  . 

If  c ^  (  * )  and  c^  ( • )  are  not  generally  "strong"  capacities,  they  are  however  "weak" 
capacities.  Namely: 

Proposition  2. 


(i) 


For  i  =  0,1,2, 


(a) 


c  E, 


=1(E1)  <  c.,(E2). 


(b) 


For  any  nondecreasing  sequence  (En)  of  subsets  of  Q 


c.  (  u  E  )  =  sup  c,  (E  )  . 
l  n  n  n  i  n 

(c)  For  any  nonincreasing  sequence  (Kn)  of  compacts  of  p 


c,  (  c*  K  )  =  inf  c .  (K  ) . 
inn  n  i  n 

(ii)  (Strong  subadditivity)  VEj,E2  c  Q  , 

VEi  u  v  +  VEi  nV  «  W  +  W- 
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For  the  first  inequality,  let  u  £  Q  open  Am.  u  *  P  with  u  >  1  a.e.  on  „  .  r 

any  compact  K  c  ui  ,  there  exists  ¥  e  K(Q)  r>  111  eaual  to  1  on  K  and  with  support  m 

u  (see  [8],  Lemma  1 1  —2 ) .  Then,  if  is  the  capacitary  potential  of  K  ,  £  Uy.  is 

carried  by  K  (see  [8],  [10!).  Therefore: 

(11)  C()(K)  =  /  d£u  </¥d£u  . 

5  Q 


Now,  if  u^  is  the  solution  of  (10)  where  is  replaced  by  u^,  ,  since 


3uX 

+  Au^  >  0  and  ijj  <  u  ,  we  have : 


3u. 

/  i|i  d£  ux  =  («(0),ux(0))  +  /  (  ~  +  toy*) 

Q  0 

3u 

<  (u(0),  u  (05)  +  JT  (  ~  +  Au.  ,  u)  . 

A  0  St  A 


Using  u  e  P  ,  we  obtain: 


/  i|<  d  Eu^  <  (u(0 ) ,  u^(0))  +  ( u(T ) ,  u^(T))+  '  a(u,u^)  +  a(u^,u)  . 
Q  0 


When  A  goes  to  0+,  £  u^  converges  to  £u  in  ti.’  sense  of  measure.  Hence,  usina  (in 
we  have: 

(12)  c0(K)  <  |u(0)t2|uK(0)l2  +  |u(T) l2luK(T) l2  +  /Ta(u,uK)  +  a(uK,u)  . 

But  if  P  *  t  there  exists  a  nondecreasing  sequence  of  compacts  K  c  w  such  that 
w  n 

cn(K  „)  converges  to  c„(w)  and  u  weakly  converges  to  u  in  (■'  (see  for  instance 

u  n  u  iC  (j 

n 

[8]  Prop.  II-4).  Then,  passing  to  the  limit  in  (12),  we  obtain  that  there  exists  c 
depending  only  on  M  (see  ( 5 ) )  such  that: 
c.  (w)  <  cllull  llu  II 

0  A  U>  A 

This  together  with  (9)  completes  the  proof  of  (i)  in  Theorem  1. 

Proof  of  (ii)  in  Theorem  1. 

It  is  a  direct  consequence  of  the  part  (i)  and  the  followino  proposition. 
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Proposition  3«  There  exists  w  >  0  such  that 
(i)  v u  J,  a  v  •  U'  with 


v  ■*  u  .  8  v  B , .  *  k  tl  u  •' 

U  A 


( i  i )  v  v  -  U‘  ,  cu  F  with 


•j  >  v  /  ’!u!!  *•  kllvl',, 

A  tl 


Proof  of  Prooosition  3. 


For  (i),  giver,  u  *,  wo  consider  the  solution  v  of: 


v  .  ft,  v(T)  =  u(T),  -r^+A(t)v*A(t)u+A(t)u 


By  well-known  results  about  these  linear  parabolic  equations  (see  Lions-Maaenes  [5J ) ,  sue*1 
a  solution  exists  in  U’  and  there  exists  a  constant  c  depending  only  on  A(t)  sue!. 


*  i 

(vi.,.  <  c  Iu(t)L  +  »A  (t)uii  +  ::A(t)ui:,.,  I  . 
v.  '  2  v  V 


S  v  iL .  <  k'-u!I  ,  , 

where  k  depends  only  on  Aft).  Moreover,  we  formally  have: 

-  (v-u)  +  A  (t)(v-u)  =  4^  +A(t)u>0  (since  u  -  V  )  • 

ot  ot 

Since  (v-u)!T)  =  0  ,  by  the  maximum  principle,  v  >  u  .  This  formal  computation  can  he 
justified  in  the  following  way.  Given  f  L2  !0,T;L2  (X ) )  ,  f  >  0  ,  let  us  consider  the 


solution  v;  of: 


It  ,  w  (0 !  =  0,  +  Aftlw  =  f 


Sy  the  maximur  principle  (see  (7)),  f  *  n  w  *  0  .  Put 

~p±  +  A(  t. )  w ,  v  =  (  v(T  )  w(T))+  r‘f-  —  +  A  (t)v,w] 

r,  ot  n  dt 


This  implies 

c"'  •  3w  ■ 

J  (f,v-u)  -  V.  (?)>  +  ;  -  ^  ,u  i  +  a(u,w)  . 

0  ft 

w  *  ft  and  n  F  ,  t’e  i  n^t-hand  sid<-  is  nonnoqa^ive.  As  r  is  arbitrary,  tv  i  s 


v  .i  ,  //«;  consider 


F;  >  -  v:  ■-  Lrr-w  i1  !  w 


Using  the  results  of  Miqnot-Puel  [61,  it  can  be  shown  (see  also  [81  Lemma  II —1 )  that 


u  e  P  anti  is  the  limit  in  L“  ( 0  ,T  :L^  (X  ) )  and  weakly  in  V  of  the  solution  u£  of  the 


penalized  problem 


3u 


u  e  P,  u  (h)  =  v(0 ) ,  — P7  +  At  t  )u  -  "“(u  -  v)  =  0  (e  >  0)  . 

£  £  dt  £  £  E 


But,  for  any  t  £  (0,T): 

,2 


du 

V2  lue(t)  l2_1/2  lv<0)  '2  +  /ta(uE'ue>  *  +  Au€'ue) 


=  /fc:  7  (ue-v)-,ue-v)  t  +  Aue,v) 


ft.r  3v  *  \ 

<  ( u  ( t )  #v(t) )  -  (v(0),v(0))  +  /  (-  -rz  *  A  v ,  u  J  . 
e  0  at  e 


Passing  to  the  limit  gives 

V2  |u(t)  1 2  +  allully  <  t u( 1 1 2 1 v< t)  1 2  +  II  -  +  A  vlly,  •  Hull  y  . 

Hence,  there  exists  a  constant  k  depending  only  on  A(t)  such  that: 

Hull ^  <  k  ||vllw  •  Hull A  . 

Since  u  £  P  and  u  >  v+  ,  this  completes  the  proof. 

In  order  to  prove  the  Proposition  2,  let  us  introduce  for  any  E  c  Q  : 

W  =  {v  £  W+;  v  =  lim  v  in  W  with  v  >  1  a.e.  on  a  neighbourhood  of  E). 


P_  <•  {u  £  P;  3u  £  P  with  u  *  lim  u  in  V  ,  lim  supllu  II  .  <  Hull  . 

E  n  n  n  ^ 

2  n— 

u(T)  =  lim  u  (T)  in  L  (X)  and  u  >1  on  a  neighbourhood  of  E  }. 
n  n 

n+® 

If  E  =  u  is  an  open  set,  we  immediately  have: 

tl1  »  {v  r  W+:  v  >  1  a.e.  on  w) . 

u 

P  *  {u  ^  P  ;  u  >  1  a.e.  on  w). 

w 

Moreover,  we  verify  that,  for  any  E  c  Q  • 
c^E)  =  inf  { llu II  A  ;  u  E  P^ } 
c2(E)  =  inf { Hvll^,  ;  v  £  . 

Pemark  that  Wj,  is  a  closed  convex  set  in  W  .  Hence,  if  vE  is  the  projection  of  0 
on  UE  in  the  Hilbert  snace  U.'  ,  then  c,,(E)  =  'V'w  • 


I.emna  1. 


For  any  nondecreasina  sequence  (En)  of  subsets  of  p 


(  i) 

(  ii) 


tt'  =  W 

E  u  E 
n  n  n 

r  *  p 

E  ’JE 

n  n  n 


To  prove  Lemma  1,  we  will  need  the  following  consequence  of  the  Proposition  3: 
Lemma  2.  There  exists  k  >  0  such  that,  for  any  v  *  W  ,  there  exists  w  (1  with: 


w  >  |v|,  II wi;^  <  kllvll^, 


Proof  of  Lemma  2. 


Let  v  t  K  ,  by  (ii)  in  Proposition  3,  there  exist  u,,U2  *  P  such  that 


«1  >  V  ,  u2  >  V  ,  II  u1»  A  ,  H  u2ll  A  < 


kll  vll , 


r;ow  by  (i)  of  the  same  proposition,  there  exists  w  <  W  with 
w  >  u  +  u  ,  II  wll . ,  <  kllu  +  u  II  . 

I  2  Iv  1  2  A 


Then,  w  >  v  +  v 


J v |  and  satisfied 


II  wll  w  <5  2k' ‘II  vll  . 

Remark.  As  a  consequence  of  (7),  if  v  <  V  ,  then  v+,  v“  and  |v|  also  belona  to  V  ar 
the  norm  of  |v|  in  V  can  be  estimated  in  terms  of  the  norm  of  v  . 

But,  there  is  no  sua,  estimate  in  W  (see  L.  Tartar's  remark  in  appendix).  Hov<-v  r 
•.mma  2  will  be  sufficient  for  our  purpose, 
i'loof  of  Lemma  1. 

Let  E  =  o  E  ;  the  inclusions  tl'  *.  (l1  .  P  i  ~  P  are  obvious, 

nn  E  r.  E  E  n  E 

n  n 

bet  v  ■  <•  U'p  ?  th.rn  there  exists  vn  •:  (l!  with  v  >1  on  a  neighborhood 

n  « 

o*  E  and  liv  -  v  II.,  <  2  n  ,  The  serie  )  (v  .  -  v  )  is  converai no  in  :X  . 
n  n  n  It'  “  n+1  n 

T  'vti  ?,  there  exists  w  It  with 


w  *  |v  -  v  I,  ii w  il,„  <  k II v  .  -  v  !!,,,  . 
n  n+1  n  n  it  n+1  n  U 


Hence  the  serie 


is  converai nq  in  It'. 


Now  set  q  =  v  +  w  .If  k>n: 
n  n  **  v 
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>  V 


k-1 

V 

L 


W  >  V 


k-1 

+  I  <v 
n 


j+1 


■  V 


>  1  a.e. 


Hence,  g  >  1  a.e.  on  o  u  which  is  a  neighborhood  of  E  and  v  «  lim  gn  in  i  . 

"  n+1 

Therefore  v  £  WE  . 

Now  let  u  e  n  P_  ;  then  there  exists  u„  £  P  such  that  llu  -  u  H ,, 
n  E  ■*  n  V 

,  " 

+  lu(T)  -  u  (T)  |_  <  —  and  u  >1  on  a  neighborhood  <d  of  E_  .  For  any  X  >  0  ,  we 
n  2  n  n  n  n 

consider  the  solution  of 

V*  £  W  ,  v\t)  *>  U  (T)  , 

n  n  n 

a  X 

.  3v  t  .  t 

v  +  x(-  rr-  +  A  v  1  “  u  +  X(  Au  +  A  u  ) . 
n  v  at  n'  n  n  n 

Then,  by  [8]  Lemma  IV-1,  v*  >  u  .  (Remark  that  formally  v*  -  u  +  x(-  |-(v*  -  u  ) 

nn  nnatnn 

*  X  X 

+  A  (vA  -  u  )]  “  Xf-r— ^  +  Au  )  >  o)  .  Moreover,  for  X  fixed,  v  converges  in  tt'  to  the 
n  n  '  ot  n  n 

solution  of 

v*  c  W,  v^(T)  »  u/T) 

\  ,  3v^  *  X^  * 

v  +  X(-  +  A  v  )  *  u  *  X(  Au  +  A  u) . 

. 

Indeed: 

II v^  -  v^H,.,  <  c,  (Hu  -  ully  +  (u  (T)  -  u(T)l-). 
n  w  X  n  v  n  z 


Since  vX  >  u  >1  on  u  ,  as  in  the  proof  of  Lemma  2,  for  any  X  >  0  ,  we  can 
n  n  n 

construct  g^  i  W  converging  in  W  to  with  gX  >  1  on  a  neighborhood  of  E  .  Let  us 

n  n 

choose  g^  *  g^  such  that  II  g^  -  vX II  <  X. 

X  X  X 

By  Proposition  3,  there  exists  u^  e  P  with  u^  >  g^  -  v  and  II U\H  A  *  *^X  ”  v  ' 

<  kX.  Moreover,  by  the  results  in  [8]  ,  Section  XV,  there  exists  a  convex  combination  o-' 
the  v*  (still  denoted  by  v*  )  such  that: 

-  converges  to  u  in  V 

-  lim.  II  v^ II  =  Hull 

+  A  A 

-  x  “  X 

-  if  u.  «  inf{u  tP;u>v},u.-v  converges  to  0  in  a  . 

A  A 
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( T  1 


V 


*  :f  ’  no  a  pel  arbor^r-m!  o* 
••*r. *r>  m  f  T '  ;  r.  I.^(X)  an  * 


to  u  mi, 

?*enre  «.j  • • 

®r^of  o*  Proposition 

The  proper t 1  ■■»«*  ^  '  • '  ir*'  'l'  v,"'  jp  '  tj  1 

p  o  i  n  *  fb)  is  a  direct  or.  rse-rien-e  nf  Lr*nna  1. 

For  (c^,  remark  tk.it,  for  i  -  1 , 'j 


c  (  K  )  i  mf  c  'K  '  . 
i  >•  n  i  n 

Now,  for  £  >  0.  there  exists  a  neighborhood 


:  i  n  ■  u 

'» *o 


par*-  fa'  of  (i)  is  obvious 


of  x 


sur'-  that 


C,  <CU  )  *  C  ,  (K) 

•  C  i 


C0  (  ^  )  <  c  (K)  +  F- 


But  as  Kn  is  a  sequence  of  compacts  decreasing  to  K  ,  for  r  large  enough, 

K  ■.:*).  Hence: 
n  € 

ir.f  c(K  )  <  c.fM  <  c  ^  c  AY.)  ♦  c  . 

in  in  l  e  i 

n 

For  (iii),  we  use  the  suha Idi tivity  of  an^  #  •  *A  * 


3°)  Application. 

we  proved  in  'P'  that  the  element*  of  It'  are  ouaai- continuous.  We  will  give  here  a 

more  direct  proof  uslna  essentially  the  equivalent  le*lnition  of  the  capacity  given  by 

Theorem  1  In  terms  of  the  li-norm,  together  with  Lemma  ?.  !epe  also  J7J  for  abstract 

"elliptic"  results  of  this  kind). 

We  recall  that,  oiven  a  capacity  c(*)  on  o  . 

Oaf lnition.  A  function  v  :  o  «  I  is  said  to  be  qua  si- continuous  If  there  exists  a 

nonincreasing  sequence  of  open  set  w  c  0  with 

n 

(i)  lim  c(uj  )  ■  0 

n 

(ii)  the  restriction  of  v  to  the  complement  of  u> 

n 

is  continuous  for  all  n  . 


Remark.  This  definition  is  clearly  Invariant  when  one  replaces  c(»)  by  an  "  equivalent” 
capacity  e(  • ) ,  that  is  a  capacity  satisfying  for  some  a  >  Oi 

a,b  >  0  ,  E  -  C  ,  a*c(E )  <  [c(E)!°  <  h*c(E)  . 

Hence  the  notion  of  quasi-continuity  is  the  same  for  our  capacities  Cgl*),  c^l*)  end 


v>- 

Theorem  2.  Any  element  v  of  U  has  a  unique  quesi-continuous  representation  v  . 
Remark.  "Unique"  means  here  that,  if  is  quasi-contlnuous  and  satisfies  v  •  v  a.e., 
then  v  -  v  quasi  -  everywhere  (i.e.  everywhere  except  on  a  set  of  rero  capacity). 

Proof  of  Theorem  2. 

Let  v  ■  i;  by  density  of  K(q)  '  It'  in  It  ,  there  exist  v  W  ~  K(Q)  converging  to  v  with 

00 


2  :i v  .  -  v  if,,  <  . 

n+1  n  0. 


Let; 


n*  1 

->  *  t *  •  5»  lv  . 

n  r\+ 1  n 

By  Lemma  2,  there  exists  wn  *  tt‘  with 


n*p 


w  *  |v  .  -  v  |  ,  "w  <  V  •  lv  -  v 
n  n*1  n  n  U  n+  ^  n  n 


)  <  c  f  \z  ;•  ?  w  (z)  >  2  ;)  *>  n w 

2  n  7  n  r 


-IS- 


Rut,  for  any  n: 


Tv'  i  proves  that  lim  c  (..  )  =  n  . 

7  r> 


I  v  (?)  -  v  (7)  I 
n+ 1  n 


V  z  i 


V  n  *  n 


ri.  vn  converges  uniformly  on  the  complement  of  each  The  limit  v  is  define! 

ouasi-everywhere  (everywhere  except  on  -1  which  is  of  zero  capacity),  v  is  ^uas: 

P  P 

irrt inuous  and  v  *  v  a.e.  • 

hir  the  uniqueness,  let  us  consider  v  oua si -continuous  with  v  *  v  a.e.  and 

'■••uence  of  open  sets  associated  with  v  -  v  (see  the  definition  above).  Then,  * 

■.  /  ■  v  -  v  <  0}  .  is  open  for  any  n.  Since  {z  *  Q;  v  -  v  <  0!  is  of  measure 

n 

<  *  £  for  all  n  .  Hence: 

A  jj 

n  n  * 

c„  { z  0;  v-v<0}  «  lln  c.(A  )  =  lin  c,(u  )  =0  . 

2  2  n  2  n 

n+so  n*“ 

'-•  —  a:  V .  The  above  property  of  the  elements  of  il'  is  a  fundamental  tool  in  the  study 
t structure  of  parabolic  potentials  as  well  as  in  the  resolution  of  associated 
variational  inequalities  (see  [9]). 

Appendix  (Communication  of  L.  Tartar)  (see  Lemma  2). 

Proposition.  Given  2  a  regular  bounded  set  of  ,  for  li  -  (v  •-  (O.TjhJ  (.'.)) :  ~ 

■h  _  ^ 

L  (0,T;H  (£))},  there  does  not  exist  any  (continuous)  function  *  '0,®' 


that 
'19  1 


It.  I  v |  :l  ,  ,  <  CfSvli.  ,]. 

L2(0,T;h'')  “ 


H  (  .)  and  f 
0  r 


W1 ,2(0, 1 )  with 


"  L?(0,1) 


1  ,  f  converaes  in  I.  (0,1)  to  0  when  n  ones  tn 


>r  instance  f  (t)  =  ~  [1  +  sin  r.  -  t)  with  X  =  \2  /i ) . 
n  n 

i,  applying  (IS)  to  vn(t)  =  fn(t)a  ,  since  I  vn  I  -  f  n  f  a  I  ,  one  would  have: 


Ha':. 


*  ^  11  f  I! 

M*1  (  .'.)  "  I."  (P.1  ) 


?a!  1  *  "*•  -1  .  ■ 

M  !!  (..) 


'al  -1  ' 
•i  |  I 

1  c,  tnin,  (  i  ‘ 


»»  ( 1 

t^vp  fnr  instance  a  f  x)  --  r,  sin  n  x). 


REFERENCES 


1.  P.  Charrier.  "Contribution  a  1 1  etude  da  problames  d*  evolution" .  These  Un.  Bordeaux 
I  (1978). 

2.  E.  Lanconelli.  Sul  problems  di  Dirichlet  per  l'equazione  del  calore.  Ann.  di  Mat. 
pura  ed  appl.,  97(1973),  83-114. 

3.  J.  L.  Lions,  guelques  methodea  de  resolution  dea  problemes  aux  limites  non 
linrfaires,  Paris,  Dunod  (1969). 

4.  J.  L.  Lions  -  G.  Stampacchia.  Variational  inequalities.  Comm.  Pure  Applied 
Math.,  XX  (1967),  493-519. 

5.  J.  L.  Lions  -  E.  Magenes.  Problemes  aux  limites  non  homoqfcnes  et  applications, 
vol.  1,  Paris,  Dunod  (1968). 

6.  F.  Mignot  -  J.  P.  Puel.  Inequations  devolution  paraboliques  avec  convexes 
dependant  du  temps.  Applications  aux  inrfquati  >'*  quasi-variationnelles 

d’ Evolution.  Arch,  for  Rat.  Mech.  and  Ana.  Vol.  64,  n*  1  (1977). 

7.  H.  Attouch  -  C.  Picard.  Problemes  variationnels  et  thdbrie  du  potentiel  non 
llnlaire.  Ann.  Fac.  sc.  Toulouse,  vol.  1,  (1979),  89-136. 

8.  M.  Pierre.  Equations  d* Evolution  non  llnlaires,  inequations  variationnelles  et 
potentials  paraboliques.  These,  Universltfc  Paris  VI  (1979). 

9.  M.  Pierre.  Problemes  d' evolution  avec  contraintes  unilatlrales  et  potentials 
paraboliques.  Comm,  in  P.D.E.,  4  (10),  (1979),  1149-1197. 

10.  M.  Pierre.  Representant  precis  d'un  potentiel  parabolique.  s4m.  Th.  du  Potentiel, 
Un.  Paris  VI,  Lecture  Notes,  Springer  vol.  807  (1980). 


MP/db 


-17- 


SECURITY  cl  ASSiFICATiom  OF  This  pace  ft**#*  Dill  Fnfred) 


REPORT  DOCUMENTATION  PAGE 

RK.AD  INSTRUCTIONS  j 

BEFORE  COMPLETING  FORM  | 

t.  fiePOPT  NUMftCR  X 

*2109 

EISKimI 

4.  TITLE  (and  SuMlltj 

PARABOLIC  CAPACITY  AND  SOBOLEV  SPACES 

s.  type  of  report  4  period  covered 

Summary  Report  -  no  specific 
reporting  period 

S.  PERFORMING  ORG.  REPORT  NUMBER 

T  AUTNORfAj 

Michel  Pierre 

4.  CONTRACT  OR  GRANT  NUMBERf*; 

DAAG29-80-C0041  /' 

MCS  78-09525  A01 

»  PERFORMING  ORGANIZATION  NAME  AND  ADORESS 

Mathematics  Research  Center,  ^University  of 

610  Walnut  Street  Wisconsin 

Madison.  Wisconsin  53706 

10.  PROGRAM  ELEMENT.  PROJECT.  TASK 

AREA  4  PORK  UNIT  NUMBERS 

1  -  Applied  Analysis 

1  1  CON  T  rolling  office  name  and  aooress 

See  Item  18  below 

12.  REPORT  DATE 

August  1980 

IS.  NUMBER  OF  PAGES 

17 

U  MONITORING  AGENCY  NAME  4  AOORESSfi/  dllletent  /ro»  Controlling  Ollier) 

IS.  SECURITY  CLASS,  (el  title  report) 

UNCLASSIFIED 

IS*.  DECLASSIFICATION/ DOWNGRADING 
SCHEDULE 

16  DISTP  BUTION  STATEMENT  (o  1  Ih it  Repot!) 

Approved  for  public  release;  distribution  unlimited. 

17.  DISTRIBUTION  STATEMENT  (ot  thm  obatroct  ontorod  In  Block  20,  II  dlltoront  horn  Bopott) 

1*  SUPPLEMENT ary  notes 

U.  S.  Army  Research  Office 

P.  G.  Box  12211 
r.esearch  Triangle  Park 

North  Carolina  27  709 

National  Science  Foundation 

Washington,  D.  C.  20550 

KEv  nOPDS  ( Continue  on  rovoroo  ado  it  nocooodry  ond  Identity  by  block  ntmboc) 

parabolic  capacity,  functional  spaces,  parabolic  potentials,  variational 

ir.egua  1 1  ties 

'0  ASS'  IAC  ■  (Conitnu*  an  rovotmo  «itf«  It  nccoamofy  md  Identity  by  block  mmbot)  ^  , 

VJ  I  rove  here  that,  given  an  open  subset  :.  of  JR  ,  the  usual  parabolic 
•_a:ucity  on  [t,T[  »■  associated  with  the  heat  operator  -  A  can  be 
<i(  :  r.r  -]  using  only  tne  Hilbert  norm  of  the  space 

-  v  l/(0,T;H^(  .));  ~  .  L2  (0  ,T;H_1  (.;))} . 


DD  i  j  1473  edition  or  i  nov  •*  is  obsolete 


UNCLASSIFIED 

te curity  classification  or  tni srsei (Rm dm Ewn 


